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Operator product expansion for Wilson loops and surfaces in the largeN limit
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The operator product expansion for ‘‘small’’ Wilson loops inN54, d54 SYM theory is studied. The OPE
coefficients are calculated in the largeN andgY M

2 N limit by exploiting the AdS-CFT correspondence. We also
consider Wilson surfaces in the~0,2!, d56 superconformal theory. In this case, we find that the UV divergent
terms include a term proportional to the rigid string action.@S0556-2821~99!06710-7#
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I. INTRODUCTION

Over the past year, the connection between anti–de S
~AdS! spaces and conformal field theories~CFTs! @1–3# has
provided a method to study strongly coupled field theori
In gauge theories, a natural observable is the Wilson loop
the gravity description, these are related to string worldsh
ending on the boundary of AdS space. In this paper, we s
how to calculate the operator product expansion~OPE! of the
Wilson loop in which we can approximate a Wilson loop
local operators when it is small. Since we are dealing wit
conformal field theory, the Wilson loop should be sm
compared to the distances which separate it from other W
son loops or other operators.

Our strategy for computing the OPE of a small Wils
loop in the 4D super Yang-Mills~SYM! theory is as follows.
At large N andgY M

2 N, the bulk type IIB string theory is in
the small string tension and small curvature limit, so th
classical string theory is a good approximation. In this co
text, the loops are represented in the bulk by classical~mini-
mal area! worldsheets which end on the AdS boundary@4,5#.
For example, two circular Wilson loops of radiusa, which
are separated by a distanceL, correspond in the bulk to a
worldsheet with these two loops as its boundary. When
ratio of the size of the loops to their separation is very sm
a/L!1, the worldsheet degenerates into two hemisphe
connected by a very thin tube@6#. This degenerate world
sheet represents the exchange of light degrees of freedo
the bulk between two otherwise unaffected minimal surfac
each with a circle as its boundary. It is then straightforwa
albeit slightly tedious, to extract the OPE by properly ide
tifying the light states being exchanged and their coupling
the strings. For Wilson surfaces, the strategy is the sa
though one now considers membrane world volumes inM
theory rather than strings. Here we find a new divergent te
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in the calculation which is proportional to the rigid strin
action.

The paper is organized as follows. In Sec. II, we exam
the OPE for a circular Wilson loop in some detail. We d
cuss what operators are allowed to appear in the OPE and
the operators of low conformal weight explicitly. We com
pare this with the leading terms in the perturbative expans
of the Wilson loop. We then discuss two approaches to
problem of calculating the coefficients of the OPE at lar
coupling. The first method consists in calculating the cor
lation function between a Wilson loop and the various o
erators of the theory,̂W(C)Oi&. The second method is to
compute the correlator between two Wilson loops and
identify the contributions at each order in the size-
separation,a/L, expansion.

In Sec. III, we find the minimal area string worldsheet th
describes a circular Wilson loop in the fundamental rep
sentation. In Sec. IV, we identify the scalar modes that c
tribute to the supergravity interaction between two Wils
loops and consider their coupling to the string worldshee
We then compute the Wilson loop correlators and extract
OPE coefficients. In addition we consider the potential b
tween two rectangular Wilson loops, which is a straightfo
ward application of the same techniques used to comp
correlators of loops. In Sec. IV D, we outline some quali
tive features of the computation of exchange of tensor mo
between the worldsheets.

In Sec. V, we consider Wilson surfaces in the~0,2!, d
56 superconformal theory. We find the minimal area me
brane worldsheet solution describing spherical Wilson s
faces and the supergravity modes ofAdS73S4 which con-
tribute to their correlation. We find that there is a U
logarithmically divergent contribution to the area of the su
face that is proportional to the action of a rigid string em
bedded in the 5-brane world volume.

Several details about the bulk-to-bulk and bulk-t
boundary Green’s functions that we will need are presen
in the Appendix.

II. THE OPERATOR PRODUCT EXPANSION
OF THE WILSON LOOP

In @4,5#, a prescription was given to compute the effecti
quark-antiquark potential in the largeN strong coupling limit

t
:
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of maximally supersymmetric Yang-Mills~conformal! field
theory in four dimensions. This potential could be obtain
by computing the expectation value of the Wilson loop,

^W~C!&Ó lim
F→`

e2~SF2 lF!, ~2.1!

where l is the total length of the loop andF is a UV regu-
lator @7#. In this paper, we consider the modified Wilson lo
operator given by

W~C!5
1

N
Tr Perds@ iAm~s!ṡm1u I ~s!XI ~s!Aṡ2#, ~2.2!

where Am(s) are the four-dimensional gauge fields, t
XI(s), I 51,...,6 are the six scalar fields ofN54 SYM, and
u I(s) is a point on the five-sphere~so u251!. As argued in
@4,5# this is the operator which leads to a simple calculat
in supergravity. The reason is that, if the gauge symmetr
broken toU(N21)3U(1) through a Higgs VEV, the mas
sive W-bosons can be interpreted as strings stretched
tween the horizon and aD3-brane in AdS space. Thes
W-bosons carry, in addition to the charge under the ga
fields, a ‘‘scalar’’ charge under the scalarXIu I , whereu I is
the SO(6) orientation of the Higgs VEV, so that we get th
second term in Eq.~2.2!.

We expect that there exists an operator product expan
for the Wilson loop when it is probed from distances lar
compared to its characteristic sizea:

W~C!5^W~C!&F11(
i ,n

ci
~n!aD i

~n!
Oi

~n!G , ~2.3!

where theOi
(n) are a set of operators with conformal weigh

D i
(n) . In this notation, we letOi

(0) denote thei th primary
field, while theOi

(n) for n.0 are its conformal descendant
For the circular Wilson loop solution, the expectation val
of all operators other than the identity vanishes, so that
coefficient of the identity is the expectation value of the loo

The problem is to explicitly calculate the coefficientsci
(n)

that appear in the Wilson loop OPE. In the field theory, t
can be done perturbatively at weak coupling, but, barring
existence of nonrenormalization theorems, the result can
in general, be reliably extrapolated to strong coupling. In f
we will see that the coefficients are different.

Local gauge invariant operators are given by traces~over
the gauge group! of polynomials of the scalarsXI , the fer-
mionsca, the Yang-Mills field strengthFmn , and their co-
variant derivatives. Since the operators appearing in the W
son loop must have the same symmetry properties as
Wilson loop itself, the operatorsOi

(n) should be bosonic and
gauge invariant. We consider the case whereu I(s)5u I is a
constant. This breaks theSO(6) R-symmetry of the super
conformal field theory toSO(5), so weexpect that theOi

(n)

are SO(5) invariant. Therefore we will obtain operato
which are in irreducible representations ofSO(6) that con-
tain singlets under theSO(5) maximal subgroup.

We perform the analysis at each conformal dimension
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D50. The only operator of dimension zero is propo
tional to the identity.

D51. The only elementary fields of dimension one a
the scalarsXI . A gauge invariant operator would be tr(XI),
but takingSU(N) as the gauge group@3#, this trace vanishes

D52. At dimension two, the only trace over the gau
group that is non-trivial is that of the scalar biline
tr(XIXJ), which splits in two irreducible representations
SO(6). One is thesinglet tr(XI)2 which is expected to have
a large anomalous dimension@3#, so it must be dropped from
the expansion at low orders in the supergravity regime. T
other is the symmetric traceless tensor,CIJ

A tr(XIXJ), which is
the20 of SO(6). Its conformal dimension is independent o
the coupling@3#. Since the20→1% 5% 14 underSO(5), we
find that the operator in theSO(5) singlet, i.e., the projection
of CIJ

A tr(XIXJ) will appear in the OPE.
D53. At dimension three, we must consider the sca

operator tr(XIXJXK). Once again, only the symmetric trac
less part,CIJK

A tr(XIXJXK) ~in the 50!, has a protected con
formal dimension. All other components ought to have lar
anomalous scaling dimensions.

We must also consider the scalar bilinear in the fermio
tr(cA

acBa), where A and B are spinor indices for the
R-symmetry group. This operator is in the10→10 and does
not contain anySO(5) singlets, so it will not contribute.

We can also have tr(XIFmn), which transforms as a two
form under Lorentz transformations and decomposes as
6→1% 5 underSO(5) and should contribute to the OPE. F
a circular Wilson loop, the allowed components depend
the orientationŝmn of the loop.

The final primaries at this order are theR-symmetry cur-
rents,Jm

@ IJ# , which are in the adjoint ofSO(6), which is the
antisymmetric tensor,15. Under SO(5), 15→5% 10, so
there is noSO(5)-invariant component. Therefore this op
erator does not contribute to the OPE.

Finally, we can also haveCIJ
A ] i tr(XIXJ), which is a su-

perconformal descendant ofCIJ
A tr(XIXJ). In the particular

case of a circular Wilson loop OPE, it is forbidden by rot
tional invariance.

D54. At dimension four, there are various chiral prim
ries. The operators which containSO(5) singlets and should
appear in the OPE are the symmetric traceless rank 4 te
CIJKL

A tr(XIXJXKXL), the field strength operato
CIJ

A tr(XIXJFmn), the energy-momentum tensor, and the L
grangian. Additionally, one can have descendents of theD
52,3 operators which already appeared above, as we
two trace operators likeCIJ

A tr(XIXJ)CKL
B tr(XKXL). In the ’t

Hooft limit, we expect to find only single trace operators.
Summing up our results, we arrive at the following e

pression for the circular Wilson loop OPE:

W~C!
^W~C!& 511c2

~0!a2YA
~2!~u!N2CIJ

A tr~XIXJ!

1c3
~0!a3YA

~3!~u!N3CIJK
A tr~XIXJXK!

1c4
~0!a3ŝmn tr~u IXIFmn!1¯ , ~2.4!
3-2
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OPERATOR PRODUCT EXPANSION FOR WILSON LOOPS . . . PHYSICAL REVIEW D 59 105023
whereŝmn is a unit two-form which denotes the orientatio
of the Wilson loop,Nk is a constant that ensures that ope
tors are ‘‘unit’’ normalized, in a sense indicated below a
CI 1¯I k

A is a basis of symmetric traceless tensors such tha

spherical harmonics areYA(u)5CI 1¯I k

A u I 1
¯u I k, with the

index A running over all the spherical harmonics of give
SO(6) Casimir, see@8# for conventions.

A. Perturbative calculation of the OPE coefficients

For small l5gY M
2 N, we can perturbatively expand th

Wilson loop ~2.2! to find an expression for the OPE~2.4!.
We find the first few terms to be

Wpert~C!
^Wpert~C!&

511 (
k>2

~2pa!k

k!N
u I 1

¯u I k tr~XI 1•••XI k!

2
2p2a3

N
u I ŝmn tr~XIFmn!2

p2a4

2N
tr~ ŝmnFmn!2

1¯ . ~2.5!

Some of these operators will get high conformal dimensi
in the strong coupling limit and so we know that they w
not appear as leading terms in the expansion. There are,
ever, operators whose dimensions are protected, such a
symmetric traceless combinationsCI 1¯I k

A tr(XI 1•••XI k). The

operator product coefficients will depend on the normali
tion of the operators. We will choose them to be ‘‘unit
normalized, in the sense that^O(xW )O(yW )&5uxW2yW u22D. The
operators in Eq.~2.5! are not normalized. In order to norma
ize them, we have to compute their two-point function
These were calculated in@8# and using those results, we fin
that the operator product coefficients for the highest wei
chiral primaries have the behavior

cD;
lD/2

N
, ~2.6!

wherel5gY M
2 N. For the other protected operators, we find

similar lp/N dependence, where the exponentp is related to
the conformal weight of the operator. We will see that f
largel, the dependence onN will be the same, but that thel
dependence is different. Of course the dependence onN can
be understood in a simple fashion by using largeN counting
arguments.

B. Supergravity calculation of the OPE coefficients

We now describe how to calculate the coefficients
the supergravity description. There are two ways to de
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The first and most straightforward method is
compute the correlator of the Wilson loop with each opera
that is expected to appear in the loop. This correlator g
contributions only from the given conformal primary and
descendents,

^W~C!Oi
~0!&

^W~C!& 5ci
~0!

aD i
~0!

L2D i
~0! 1 (

m.0
ci

~m!aD i
~m!

^Oi
~m!Oi

~0!&.

~2.7!

Here we have isolated the contribution from the descend
and their mixings with the primaries in the second term.

In the supergravity description, the Wilson loop will b
related to a string worldsheet ending on the boundary of A
space. The correlation function~2.7! can be calculated by
treating the string as an external source for the fields pro
gating in anti–de Sitter spacetime and then computing
string effective action for the emission of supergravity sta
onto the point on the boundary where the operator is
serted. See Fig. 1.

Another approach to the problem of calculatin
the OPE coefficients is to compute the correlator of
pair of Wilson loops that are separated by a distan
which is large compared to their size. In the conform
field theory, the correlator can be calculate
from the operator product expansion for the two Wils
loops

FIG. 1. The emission of a particle from a circular Wilson loo
of sizea onto the AdS boundary at a distancer from the loop.
^W~C,L !W~C,0!&

^W~C,L !&^W~C,0!&
5 (

i , j ;m,n
ci

~m!cj
~n!aD i

~m!
1D j

~n!

^Oi
~m!~L !Oj

~n!~0!&

5(
i

~ci
~0!!2

a2D i
~0!

L2D i
~0! 1 (

i ,$m,n%Þ$0,0%
ci

~m!ci
~n!aD i

~m!
1D i

~n!

^Oi
~m!~L !Oi

~n!~0!&. ~2.8!
3-3
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BERENSTEIN, CORRADO, FISCHLER, AND MALDACENA PHYSICAL REVIEW D59 105023
In the last line, the first term is due solely to the prima
fields, while the second contains the contributions from
scendents.

In the supergravity approximation, these Wilson loop c
relators can be calculated by computing the amplitude for
exchange of light states between the two string worldsh
which have the Wilson loops as their boundaries@6#, as rep-
resented in Fig. 2. We will actually calculate the OPE co
ficients in this fashion, since it is slightly simpler.

In the next section, we will examine the details of t
circular Wilson loop solution. With the necessary inform
tion in hand, we will then return to the computation of co
relation functions of Wilson loops.

III. CIRCULAR WILSON LOOPS
AND AdS SUPERGRAVITY

According to @4#, in order to compute the expectatio
value of a circular Wilson loop in the largegsN limit, we
should find the minimal area string worldsheet ending o
circle at the boundary of anti–de Sitter space. We choose
scalar charge of the Wilson loop to be constant, so that
string worldsheet lives at a single point on the 5-sphere. T
implies thatu I(s)5u I in Eq. ~2.2! is a constant. We could
find the classical worldsheet by solving the Euler-Lagran
equations coming from the Nambu-Goto action in this ba
ground, however, in this case there is a simpler way to fi
the worldsheet.

We note that the Euclidean conformal group in 4 dime
sions,SO(1,5), has elements which map straight lines in
circles, namely the special conformal transformations,

x8 i5
xi1cix2

112c•x1c2x2 , ~3.1!

whereci is a vector inR4. We take the AdS metric

ds25
1

z2 ~dz21dxidxi !, ~3.2!

with the boundary atz50. The special conformal transfor
mation ~3.1! corresponds to the AdS reparametrization

FIG. 2. The correlation between two circular Wilson loops.
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x8 i5
xi1ci~x21z2!

112c•x1c2~x21z2!

z85
z

112c•x1c2~x21z2!
. ~3.3!

Starting with a line on the boundary and a minimal ar
surface in AdS space which ends on that line~which just
extends along the line and thez direction!, we can apply the
above conformal transformation and map it to a circle
such a way that on the boundary we have a circle of radiua.
Then the surface in AdS space is given by1

x8 i5Aa22z2~e1
i cosc1e2

i sinc!,

0<z<a, 0<c,2p, ~3.4!

wheree1 ,e2 are two orthonormal vectors on the bounda
We see that this surface ends on the boundary on a circl
radiusa and it closes off atz5a. It is useful to compute the
area element,

dA5dzdcAdet„gmn~x!]axm]bxn
…5

adzdc

z2 . ~3.5!

As in @4#, we find that there is a divergence in the action

Se5
1

2pa8
E

e

a

dzE
0

2p

dc
az

z3 5
1

a8 S a

e
21D . ~3.6!

In terms of the theory on the boundary, this divergen
corresponds to the UV divergence in the Coulombic se
energy of a point charge. In the bulk theory, this divergen
is due to the contribution of an infinitely long straight strin
ending on the circle. After subtracting the divergent term,
find thatS521/a8, which is independent of the radiusa of
the loop, as required by conformal invariance. We are cho
ing units in which the radius of AdS space is equal to one,
that a851/A4pgsN.

IV. CONTRIBUTIONS FROM THE LIGHTEST SCALARS

We will be primarily interested in the contributions from
the lightest scalars, whose exchange will dominate the l
distance interactions. These light states correspond to the
erators of lowest dimension in the OPE for the Wilson loo
The relevant modes may be determined from the Kalu
Klein ~KK ! mass spectrum listed in Fig. 2 or Table III o
@10#.

A. The dilaton

We will start calculating the coefficient of the OPE
front of the operator associated to the dilaton. We start w

1While this paper was being written, we learned that N. Drukk
D. Gross, and H. Ooguri have independently obtained this circ
Wilson loop solution@9#.
3-4
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OPERATOR PRODUCT EXPANSION FOR WILSON LOOPS . . . PHYSICAL REVIEW D 59 105023
this field because the calculation of the precise coefficien
simpler. We will consider other cases later. The dilaton c
be expanded in Kaluza-Klein harmonics as

f5(
k

fkY~k!~u!. ~4.1!

The action for the dilaton is

Skin5
1

2k10
2 E d10x4~¹f!2

5E d5x(
k

Bk8
1

2
@~¹fk!21mk

2fk2
#, ~4.2!

where, in units whereRAdS51,

Bk85
N2

2k21p2~k11!~k12!
, ~4.3!

and we are normalizing the spherical harmonics as in@8#.
The coupling of the dilaton to the string worldsheet can

found remembering that the supergravity calculations w
done using the Einstein metric, while the string worldsh
couples to the string metric,Gstring5ef/2gEinstein. So the cou-
pling of the string worldsheet to the dilaton is given by

Sdil5
1

2pa8
E d2sAgef/21

1

4p E d2sAgR~2!f,

~4.4!

wheregab is the induced metric on the worldsheet andR(2)

is the corresponding worldsheet curvature. In the case
the radius of AdS space is large, the term involving t
worldsheet curvature will be subleading compared to the
term. Therefore we should neglect the curvature contribu
in the amplitudes we consider.

So now we want to calculate the contribution of the di
ton to the expectation value of the product of Wilson loo
This contribution will be given by

^WW&dil

^W&2 5ExpF(
k,A

YA
~k!~u!2

1

4 E dA
2pa8

3E dA8

2pa8
Gk„W~s,s8!…dil G , ~4.5!

where the sum overA indicates the sum2 over all spherical
harmonics of total angular momentumJ25k(k14). This
formula summarizes the effects of dilaton exchanges
tween the two worldsheets. Of course, the dominant term
large N is the one dilaton exchange arising from the fir
order expansion of the exponential. Notice thats,s8 indicate
points on the two separated worldsheets. If the separa

2This sum gives a result that is independent ofu, but we leave the
result in this form to read off the contribution to the OPE of ea
Kaluza-Klein mode.
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between the worldsheets is very large, thenW is very small
and we can approximate the Green’s function~A9! by

Gk~W!dil;
a0

Bk8
WD;

a0

Bk8

zDz8D

L2D , ~4.6!

where L is the ~large! distance between the two loops,D
541k anda05(D21)/2p2. Using Eqs.~3.5! and~4.6! we
find that the integrals over the worldsheet reduce to sim
expressions involving*dzzD22 which are always convergen
at z50. The final result is that

^WW&dil

^W&2 ;(
k,A

2k22p~k11!~k12!

k13

gs

N
YA

k ~u!2S a

L D 2D

,

~4.7!

so that

cdil ,D52D/223Ap~D22!~D23!

D21

AgsN

N
. ~4.8!

Notice that we are unit-normalizing the dilaton operator.
Of course we could have calculated this last result direc

by computing the one point function of the operator asso
ated to the dilaton in the presence of a Wilson loop. In fa
as shown in@11#, the one point function is proportional to th
value of the dilaton near the boundary. This value is no
zero because the string worldsheet acts a source for the
ton. We can actually calculate the correlation function of t
operator with the Wilson loop for any position, not just fo
large distances. We get

^WOk~xW !&

^W&
5CD lim

z→0
z2Dfk~z,xW !

5
~const!Y~k!~u!

2pa8
E dA8

z8D

@~xW2xW8!21z82#D

5cdil ,DY~k!~u!
a2D

@~y21r 22a2!214a2y2#D/2 ,

~4.9!

wherer is the polar coordinate on the plane defined by
loop andy is the distance on the plane orthogonal to the lo
We see that when the operator approaches the loop we
a singularity of the form 1/dD whered is the distance from
the loop. In fact, the result~4.9! could be derived in a simple
way by first computinĝ WO& for a straight line and then
applying the conformal transformation mapping the line to
circle. This result~4.9! includes all the information about th
conformal descendents of the operatorO appearing in the
OPE.

B. ‘‘Tachyonic’’ scalars

The leading term in the OPE expansion of the Wils
loop comes from an operator of dimension two. This ope
tor comes from a field withm2,0 in the supergravity
3-5
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BERENSTEIN, CORRADO, FISCHLER, AND MALDACENA PHYSICAL REVIEW D59 105023
theory. Scalars arise from several supergravity fields. Th
are scalar KK modes of the metric over the 5-sphere~in the
notation of@10#!

ha
a~x,u!5(

k
pk~x!Y~k!~u!, ~4.10!

as well as the scalar KK modes of the antisymmetric 4-fo

aabgd5(
k

bkeabgd
eDeY

~k!~u!. ~4.11!

One linear combination of these has tachyons in its sp
trum. Another scalar comes from the trace of the metric
the AdS component,hm

m . We can algebraically express the
in terms of thepk, as

(
k

Hmm
k Y~k!~u![hm

m1
5

3
ha

a5
16

15(
k

pkY~k!~u!,

~4.12!

so they contribute to the states of this family.
From the field equations, given as Eq.~2.33! of @10#, one

sees that the modespk and bk mix. The mixing angles, as
well as the normalized action for the mass eigenstates h
been conveniently presented by Leeet al. @8#. They found
that the mass eigenstates were

sk5
1

20~k12!
@pk210~k14!bk#, Ms

25k~k24!, k>2,

tk5
1

20~k12!
@pk110kbk#, Mt

25~k14!~k18!, k>0.

~4.13!

The lightest states correspond to the lowest modes ofsk, so
we will focus on these modes. The action for thesk was
found to be@8#

S5E d5x(
k

Bk

1

2
@~¹msk!21k~k24!~sk!2#, ~4.14!

where

Bk5
232kN2k~k21!

p2~k11!2 , ~4.15!

and our normalizations are as in@8#.
In order to compute the coupling ofs to the string world-

sheet, we need to find all the supergravity fields that
excited whens is nonzero and all the other ‘‘diagonal
modes are set to zero. From the equations that we saw a
we find a contribution tohm

m and there is also a contributio
to

H ~mn!5
4

k11
D (mDn)s, ~4.16!

where the parentheses indicate the symmetric traceless
bination.
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Now we should find hows couples to a string worldshee
These couplings will involve terms with derivatives. In th
calculation we are interested in these derivatives will act
the Green’s function of the fields. Moreover, we will be
interested in extracting the leading piece inL, whereL is the
separation between two Wilson loops or a Wilson loop a
an operator. In that regime we will be able to approxima
the Green’s function by an expression likezD/@(xW2xW8)2

1z2#D, so that the only derivatives which will not produce
subleading term in 1/L will be those acting on the numerato
of this expression. This implies that in calculating the co
pling to s from Eq. ~4.16! we will be able to replace
z-derivatives by factors ofD, etc. The string worldsheet wil
couple to the various components of the metric on Ad5.
Couplings throughaabgd will be small if R is large, since
they will involve couplings to the worldsheet fermions. F
nally we get the coupling to the worldsheet as

1

2pa8
E dA~22ksk!

z2

a2 . ~4.17!

By using the same method as we used for the dilaton
obtain

^WW&s

^W&2 ;(
k,A

a0

Bk
S 2k

~k11!a8D
2

YA
~k!~u!2

a2k

L2k

5(
k,A

2kpk
gs

N
YA

~k!~u!2
a2k

L2k . ~4.18!

Similarly, we can calculate

^WOA
k &

^W&
;2k/2ApkAgs

N
YA

~k!~u!
ak

L2k . ~4.19!

From these expressions we determine the OPE coefficie

cs,D52D/221AD
Al

N
. ~4.20!

This equation should be compared to the weak coupling
sult ~2.6!. As expected theN dependence is the same but t
powers ofgY M

2 N are different. This is no contradiction, sinc
the two calculation have different regimes of validity.

C. The potential between two rectangular Wilson loops

The tools that we have collected to compute correlat
functions due to exchange of scalar supergravity modes
tween string worldsheets are also applicable to the stud
the potential between rectangular Wilson loops. For a pai
rectangular Wilson loops, each of sizea, which are separated
by a distanceL@a, as depicted in Fig. 3, the potential take
the form @12#
3-6
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V52 lim
T→`

log^W~C,L !W~C,0!&2 log^W~C,L !&^W~C,0!&
T

5(
n

Vn

a2n22

L2n21 . ~4.21!

Perturbatively, we will find that theVn;lp/N2. At largel,
the N dependence is the same, but thel dependence will be
different.

FIG. 3. The interaction between two rectangular Wilson loo
of sizea, separated by a distanceL@a.
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We will use the worldsheet solutions of@4# to compute
the effective potential. We find that, for large separations,
asymptotic behavior of the scalar Green’s function~A9! is

Gk~x,x8!5
a0,k

A S zz8

L21~t2t8!2D D

1¯ . ~4.22!

The surface was given by

x~z!5zmaxE
z/zmax

1

dy
y2

A12y4
, ~4.23!

where zmax is determined by the condition thatux(0)
2x(zmax)u5a/2, so thatzmax5aG(1/4)2/(2p)3/2. The area
element is given by

dA5dt dz
zmax

2

z2Azmax
4 2z4

. ~4.24!

The coupling to the fields is given by

S5
1

2pa8
E dA

~22ks!z2

zmax
2 , ~4.25!

where we used the same method as above to calculate
coupling involving terms with derivatives ofs. So the final
expression for the potential between two Wilson loops is

s

m
ill
e

V~s!52
S~s!

T

52(
k,A

a0

Bk

G~k21/2!Ap

G~k!L2k21 F ~22k!zmax
k21

2pa8

ApGS k11

4 D
4GS k13

4 D G
2

YA
~k!~u!2

52(
k

GS 1

4D 4k24

322k15p3k27/2

k~k11!2~k12!~k13!GS k2
1

2DGS k11

4 D 4

G~k!GS k11

2 D 2

gsN

N2

a2k22

L2k21 . ~4.26!

We have done the sum(AYA
k (u)25(k13)(k12)/(332k11). We have included contributions to the potential coming fro

all of the Kaluza-Klein modes of the fields. The ones withk52 will give the leading contribution. Of course other fields w
also make contributions to the potential which are comparable to the terms above withk>3. For example, we can calculate th
contributions to the potential from the dilaton

Vf52 (
k,mk

a0

Bk8

G~D21/2!Ap

G~D!L2D21 F ~1/2!zmax
D21

2pa8

ApGS D21

4 D
4GS D11

4 D G
2

Ymk

~k!~u!2

52(
k

GS 1

4D 4D24

322D19p3D27/2

~D21!2~D22!2~D23!GS D2
1

2DGS D21

4 D 4

G~D!GS D21

2 D 2

gsN

N2

a2D22

L2D21 , ~4.27!
3-7
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where nowD541k. As gs;l/N, these results agree wit
the behavior illustrated in Eq.~4.21!.

D. Contributions from vectors and tensors

Let us finally note that the operator product coefficie
involving other operators can be computed in a similar w
They will involve the contribution of various supergravi
fields to the correlator between two different Wilson loop
In particular, the term tr(XIFmn) term in the OPE~2.4! cor-
responds to the lowest mode of an antisymmetric ten
Bmn , on AdS5.

V. THE SPHERICAL WILSON SURFACE AND AdS 7

In @4#, it was shown that one could use the AdS descr
tion of the largeN limit of the ~0,2! superconformal field
theory in six dimensions to compute Wilson surface obse
ables@13#, even though an explicit formulation of the fiel
theory does not exist, so that there is no formula analog
to Eq. ~2.2!. Let us consider a spherical Wilson surface. W
take the scalar charge of the surface to be constant~a point
on S4!. In the gravity picture, the Wilson surface should
the boundary of a minimal area membrane world volume
AdS73S4. One can either solve the equations of motion
rectly to obtain the minimal world volume, or, by analog
with the discussion of Sec. III, one can note that a flat pla
in the boundary of AdS7 can be conformally mapped to
sphere. This flat plane is the boundary of an infinite me
brane that is stretched between the AdS boundary anz
5`. The conformal mapping maps the world volume into
3-hemisphere whose boundary is a 2-sphere that corresp
to the CFT Wilson surface. A convenient parametrization
the solution is given in terms of the Poincare coordinates

x15Aa22z2 cosu

x25Aa22z2 sinu cosc

x35Aa22z2 sinu sinc, ~5.1!

where 0<z<a, 0<u<p, and 0<c<2p. Now we take the
radius of AdS to be equal to one, then the radius ofRS4

51/2, l p51/(8pN)1/3, and the tension of the two-brane
T(2)51/(2p)2l p

352N/p.
We then find that the volume of the membrane is div

gent

S5T~2!E dV5T~2!4pE
e

a dzaAa22z2

z3

5pT~2!F1
2a2

e2 22 ln
2a

e
211O~e!G . ~5.2!

We can make several observations regarding this expres
for the action. First, we see that the action scales asN, in
agreement with the scaling found for the ‘‘rectangular’’ s
lution of @4#. As indicated in@7#, e should be thought of as
UV cutoff. So we see that we have two divergent terms. T
quadratic divergence is proportional to the area of the s
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face. This term was also present in the case of a rectang
Wilson surface@4#. In this case, we see that there is also
logarithmic divergence. The first question is what would th
divergence be in a more general case? It can be seen
analyzing the equations of motion of the theory, that fo
generic two-dimensional surfaceS2 this logarithmic diver-
gence is proportional to the ‘‘rigid string’’ action@14#

Srigid5E
S2

d2sAg~¹2Xi !2, ~5.3!

whereg is the induced metric on the Wilson surface andXi

are the coordinates onR6 describing the surface. Notice tha
S2 is a surface in the boundary six-dimensional field theo
As emphasized in@14#, this action is invariant under scal
transformations in the target space,Xi→lXi , which is con-
sistent with what we expect in a conformal theory. Actual
it is possible to prove that the action is also invariant un
special conformal transformations, so that it is invariant u
der the full conformal group.3 One implication of this loga-
rithmic term is that the expectation value of the Wilson s
face is not well defined, since we can add any constant to
logarithmic subtraction. Furthermore, it seems to indic
that the expectation value of a Wilson surface is scale dep
dent.

It seems natural to speculate that tensionless strings in
six-dimensional field theory are governed by some sup
symmetric form of the action~5.3!.

Despite the fact that the expectation value of the spher
Wilson surface is not well defined, the connected correlat
functions of Wilson surfaces do not receive extra diverg
contributions. These correlators can be calculated in a c
pletely analogous fashion to the Wilson loops in Sec.
One considers a Wilson surface whose characteristic siz
much smaller than its distance from any probe in the theo
Then one identifies the operators that are allowed to app
in the OPE and computes the necessary correlation funct
to extract the OPE coefficients. The details appear in@15#.

VI. CONCLUSIONS

In this paper, we have made use of the connection
tween anti-de Sitter spaces and conformal field theories
the largeN andgY M

2 N limit to compute the operator produc
expansion of ‘‘small’’ Wilson loops inN54, d54 super
Yang-Mills theory and Wilson surfaces in the~0,2! super-
conformal theory in six dimensions.

By determining what supergravity states couple to
worldsheet describing the Wilson loop, we found the set
operators that are allowed to appear in the OPE. By com
ing the amplitudes for exchange of supergravity modes
tween a Wilson loop and the boundary and between
Wilson loops, we were able to compute the correlation fu

3It is enough to prove that the action is invariant under inversio
Xi→Xi /X2. This can be shown using identities like¹bXi¹2Xi

50, which use the fact thatgab5]aXi]bXi is the induced metric.
3-8
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tions of a Wilson loop with a CFT operator and with anoth
loop. From these expressions, we were able to deduce
coefficients that appear in the OPE for the states that
considered.

We also investigated Wilson surfaces in the~0,2! six-
dimensional field theory and we found that there is a U
logarithmically divergent contribution to its expectatio
value proportional to the action of a rigid string embedded
the 5-brane world volume.
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APPENDIX: GREEN’S FUNCTIONS

Scalar Green’s functions on anti–de Sitter space h
been discussed in a large number of papers@3,2,16–19# in
connection with the types of correlation functions we a
looking to compute. We will repeat some of these calcu
tions in this appendix.

Consider the action of a real scalar fieldf on Euclidean
anti–de Sitter spacetime, of radius one, with sourceJ:

S5E
AdS

dd11xAgBF1

2
~df!21

m2

2
f22fJG , ~A1!

whereB is some constant. The equation of motion is

B~2¹x
21m2!f5J, ~A2!

where¹x
25(1/Ag)]m(Aggmn]n) is the Laplacian. Imposing

the boundary conditionfu]M50 yields a unique solution fo
f, as long as the operator2¹x

21m2, is positive definite.
This is the case for allm2>2d2/4 @20#.

Solutions forf which minimize the action~A1! are given
by the integral equation

f~x!5E
M

dd11x8Ag~x8!G~x,x8!J~x8!, ~A3!

where the kernelG(x,x8) is the covariant Green’s functio
for the equation of motion~A2!, satisfying

B~2¹x
21m2!G~x,x8!5

1

Ag~x8!
d~d11!~x2x8!. ~A4!
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By evaluating the action at a solution of Eq.~A3!, one finds
that

S52
1

2 EM
dd11x

3E
M8

dd11x8Ag~x!J~x!G~x,x8!Ag~x8!J~x8!.

~A5!

If we consider the specific case of two separated sour
J1(x) andJ2(x8), the amplitude for their interaction is the
given by

S52E
M

dd11x

3E
M8

dd11x8Ag~x!J1~x!G~x,x8!Ag~x8!J2~x8!.

~A6!

1. Bulk-to-bulk scalar Green’s functions

We will find it most convenient to compute the Green
function in the upper-half space representation of anti–
Sitter spacetime, with metric

ds25
1

z2 S dz21(
i 51

d

dxi
2D . ~A7!

As the scalar Green’s function can only depend on the
tanced(x,x8) between the sources, in this metric it will be
function of

W5
zz8

~z2z8!21( i 51
d uxi2xi8u

2 5
1

2

1

coshd~x,x8!21
.

~A8!

Note thatW is singular precisely at (z,x)5(z8,x8), which is
the location of the singularity in the Green’s function~A4!. It
is easy to show that the solution for Eq.~A4! which goes to
zero at the boundary is given in terms of the hypergeome
function

G~W!5
a0

B
WD

2F1S D,D1
12d

2
,2D2d11;24WD ,

~A9!

whereD5d/21Am21d2/4 will be the conformal weight of
the associated operator anda0 is

a05
G~D!

2pd/2GS D2
d

2
11D

a05
D21

2p2 for d54. ~A10!
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2. Computation of correlation functions

Let us consider the field in the bulk~A3! produced by a
source on the boundary. To be precise, we takeJ(x8) to have
support very close to the boundary,

supp„J~x8!…5$z8u0<z8,e%, ~A11!

for infinitesimal e. Then, using the bulk-to-bulk Green’
function ~A9!, we can write

f~x!5E
]M

ddx8E
0

e

dz8Ag~x8!G~x,x8!J~x8!. ~A12!

In the region over which we integratez8, W;0, so that we
can approximate

G~W!;
a0

B
WD, ~A13!

so that

f~x!;
a0

B E
]M

ddx8S z

z21uxW2xW8u2D
DE

0

e

dx08z
D2d21J~x8!.

~A14!

Now, to make contact with Witten’s analysis in@3#, we
want to define a dimensiond2D sourcef0(xW8):
tt

s
,’’

de

v

nt
ri,
a

n
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f0~xW8!5cE
0

e

dz8z8D2d21J~x8!, ~A15!

wherec is a numerical factor which we will determine from
the 2-point function. Now, evaluating the action obtain
from Eq. ~A6!, we find that

S5
a0

B E ddxddx8
1

uxW2xW8u2D

3E dzzD2d21J~x!E dz8z8D2d21J~x!

5
a0

Bc2 E ddxddx8
f0~xW !f0~xW8!

uxW2xW8u2D . ~A16!

The two-point function is then

d2S

df0~xW !df0~xW8!
5

a0

Bc2

1

uxW2xW8u2D . ~A17!

Choosing the convention that the operator correspondin
this scalar is unit-normalized,̂OO&51/x2D, we determine
that c5Aa0 /B.
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